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High-order harmonic generation (HHG) is a nonlinear optical process usually interpreted as a sequence of
ionization of an atom or molecule by a strong laser field and the following recombination under emission of an
extreme ultraviolet photon. We investigate HHG for combined infrared and extreme ultraviolet fields acting
on a system possessing two essential states, with the excited state being either a bound state or a resonance.
We report shifts of the HHG peak positions compared to the HHG spectrum from an infrared field only and a
peak splitting depending on the presence of Rabi oscillations.
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1. Introduction

High-order harmonic generation (HHG) is the nonlinear process taking place when an atomic
or molecular target is subjected to a strong laser field. Powerful infrared (IR) lasers such as
the Ti:sapphire laser are available and commonly used in HHG experiments. In the tunneling
regime [1], i.e. at low frequencies of the driving field ω0 and high field amplitude E0, HHG
can be described in terms of the three-step model [2]. According to the model, the first step is
the tunneling ionization of the target, the second step is the acceleration of the electron driven
by the laser field, and the third step is the recombination with the parent ion with emission
of extreme ultraviolet (XUV) light. The maximum energy of the returning electrons is 3.17Up

where Up = E2
0/(4ω

2
0) is the ponderomotive energy. Thus, denoting the ionization potential as

Ip, the HHG spectrum has a cutoff at

ωcutoff = 3.17Up + Ip. (1)

For inversion symmetric systems such as atoms, the plateau of the HHG spectrum consists of
peaks at odd orders of the laser frequency due to the periodicity of the laser field,

ωn = (2n+ 1)ω0, n ∈ N. (2)

A usual assumption is that the ground state is the only bound state involved in this process [3].
In general, real quantum systems have more than one bound electronic state, but a moderate
nonresonant IR field is not normally assumed to lift significant population into bound excited
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states that would contribute to HHG. However, if a near-resonant ultraviolet or extreme ultra-
violet (XUV) field with frequency ωXUV is additionally applied, excited states are expected to
be populated as well, which may cause drastic changes in the HHG spectrum.
Let us consider a system with just two bound electronic states. The ground-state energy is Eg

and the excited-state energy is Ee, so the levels are separated by the excitation energy ∆ = Ee−Eg.
If the detuning δ between the XUV frequency and ∆ is small,

|δ| = |ωXUV −∆| ≪ ∆, (3)

the excited state can be populated efficiently by the XUV field. If the duration of the XUV field
is sufficiently long, the population oscillates with the Rabi frequency ΩR,

ΩR =

√
|dE |2 + δ2, (4)

where dE = ⟨Ψg|x|Ψe⟩EXUV is the transition matrix element for the interaction with an XUV
field of amplitude EXUV. If only the ground state is populated at t=0, the excited-state popu-
lation oscillates as

AR(t) =
|dE |2

Ω2
R

sin2
(
ΩR t

2

)
. (5)

The ground-state population is 1−AR(t) if the excited state does not decay via other channels.
HHG from infrared irradiation supported by additional fields has been studied experimentally

and theoretically. It has been suggested to use attosecond pulses obtained by HHG from a
secondary source as an auxiliary XUV field to enhance HHG [4, 5]. Experimentally, a mixture
of Xe and He was used to observe dramatic enhancement of harmonic generation in He boosted
by the harmonic field produced by Xe [6, 7]. Another experiment showed enhancement by one
order of magnitude in He using attosecond pulse trains from a Xe-filled capillary [8]. A dual-
gas-cell setup has been investigated in [9]. Propagation effects have been simulated in detail
[10, 11] and more theoretical work has been reported in [12, 14]. Buth et al. [15, 16] coupled
the two-electron problem with the problem of XUV-assisted HHG in gases such as Ne and
Kr, considering conditions as at the free electron laser FLASH in Hamburg. The authors have
developed a theoretical formalism and discovered a second plateau in the HHG spectrum as a
result of electron recombination with a core hole.
In our present work we numerically investigate two-colour driven HHG with different types

of XUV pulses. We choose the parameters such that Rabi oscillations can be induced by the
XUV field. We consider systems with either a stable or a metastable excited state and discuss
the influence of the excited-state lifetime on the HHG spectrum.

2. Methods

Atomic units are used throughout the paper. We numerically solve the one-dimensional time-
dependent Schrödinger equation (TDSE) in the single-active-electron approximation for a model
potential V0. The unperturbed Hamiltonian H0 has eigenstates Ψg and Ψe with

H0Ψe,g = Ee,gΨe,g. (6)
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Figure 1. (a) Model potential with two bound states, ground-state energy Eg = -0.717 a.u. and excited-state energy Ee =
-0.240. (b) Model potential with a shape resonance, ground-state energy Eg = -0.571 a.u., resonance energy Eres = 1.332,
width Γ = 0.1 a.u. and decay time Tdecay = 10 a.u.

When the system is exposed to the electric field E(t), the TDSE in length gauge reads

i
∂Ψ(x, t)

∂t
= −1

2

∂2Ψ(x, t)

∂x2
+

(
V0(x) + E(t)x

)
Ψ(x, t). (7)

The equation is numerically solved using the split-operator technique [17]. The resulting HHG
spectrum S(ω) is obtained from the Fourier transform of the dipole acceleration,

S(ω) ∝ |ã(ω)|2 =
∣∣∣∣∫ dt

⟨
Ψ(t)

∣∣∣∣dV0(x)

dx
+ E(t)

∣∣∣∣Ψ(t)

⟩
eiωt

∣∣∣∣2 . (8)

We use two types of model potentials as shown in figure 1. The first type, V 2l
0 , is a simple potential

well supporting two bound electronic states. The second type, V res
0 , has potential barriers at the

edges of the well such that the excited state is an autoionizing shape resonance with a width
Γ and lifetime Tdecay = 1/Γ. Such a potential can be used to model HHG in real systems with
autoionizing resonances, for instance, in a Mn plasma [18]. The potentials read

V (x) = −α1 +
α1

1 + e
x+α2
α3

+
α1

1 + e
−x+α2

α3

+
α4

(α5 + x2)(1 + e
x+α2
α3 )

+
α4

(α5 + x2)(1 + e
−x+α2

α3 )
. (9)

where αi with i ∈ {1, . . . , 5} are parameters chosen such that only two states are present.
All employed external fields are of the form E(t) = E0 sin(ω0t)f(t), where f(t) is the envelope.

The envelope is chosen such than the pulses consist of an integer number of optical cycles. The
wavelength of the infrared field is 765 nm, corresponding to ω0=0.06 a.u. The duration of the
IR pulse is 1465.3 a.u., which corresponds to 14 optical cycles. To investigate the influence of
the excited-state lifetime, we use two types of XUV pulses: an ultrashort XUV pulse lasting
less than half an IR period and a long XUV pulse with a duration comparable with the IR
pulse length. In the following, we refer to the short and long pulses as ‘XUVs’ and ‘XUVl’,
respectively. In case of the two-bound-level system with potential V 2l

0 , we use a near-resonant
XUV field with frequency 0.51 a.u. In case of the potential V res

0 with the shape resonance, the
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Figure 2. Left: Results for the two-bound-level system. Right: Results for the shape resonance. (a), (c) Population of the
ground state when the system is driven by the XUV field only or by the IR field only. (b) The IR field and the XUV
field used in the case of the two-bound-level system; the intensities of the IR and XUV fields are 5 × 1013 W/cm2 and
5× 1012 W/cm2, respectively; the XUVl and XUVs pulses consist of 10+60+10 and 3 optical cycles, respectively; the XUV
frequency is 0.51 a.u. (d) The IR field and the XUV field for the system with a shape resonance; the intensities of the IR
and XUV fields are 4× 1014 W/cm2 and 1012 W/cm2, respectively; the XUVl and XUVs pulses consist of 37+221+37 and
11 optical cycles, respectively; the XUV frequency is 1.88 a.u.

XUV field has the frequency 1.88 a.u. We choose a trapezoidal envelope and duration about 985
a.u. for XUVl. The ramps and the plateau lengths are 10+60+10 optical XUV cycles for the
0.51 a.u. field and 37+221+37 in the case of the 1.88 a.u. field. The duration of XUVs is about
37 a.u., corresponding to three optical cycles of the 0.51 a.u. field and 11 optical cycles of the
1.88 a.u. field. The XUVs envelope has a sin2 shape. The short pulse can be viewed as a single
attosecond pulses produced by HHG from a different gas target. The long pulse models an XUV
field produced by, for example, FLASH with a duration of 10-50 fs (FWHM). The numerical
propagation is continued for two more IR cycles after the IR pulse is over to ensure that all
relevant electron wavepackets have returned to the core.

3. Results and discussion

3.1. Response to the XUV field only and IR field only

In this section, we discuss the response of the quantum system to the XUV field only and to the
IR field only. For V 2l

0 with ∆ = 0.48 a.u., we set the IR intensity to 5 × 1013 W/cm2 and the
XUV intensity to 5× 1012 W/cm2. In the case of the potential with a shape resonance, V res

0 , the
excitation energy is ∆= 1.9 a.u., the IR intensity is 4× 1014 W/cm2, and the XUV intensity is
1012 W/cm2. At time t=0, the system is in the ground state and the field is switched on. The
left-hand side of figure 2 applies to the system with two bound states and the right-hand side
applies to the system with a shape resonance. The bottom panels show the XUV and IR fields
used in the calculation. The top panels show the corresponding time-dependent population of
the ground state when exposed to the XUV field only or IR field only (not combined). In the
IR field, the population oscillates with a period equal to half of the IR period for both V 2l

0 and
V res
0 . This can be understood as a consequence of an instantaneous IR-dressed ground state that

differs from the field-free ground state. The overlap with the field-free state is thus less than one
and oscillates with the IR field.
Figure 2(a) shows that the long XUV pulse causes Rabi oscillations in the ground-state pop-

ulation of the two-level system. The corresponding oscillations of the excited-state population
(not shown) are in antiphase to the ground-state oscillations. In contrast, the short XUV pulse
is shorter than the Rabi period, and its main effect is a quick transfer of a small population to
the excited state without Rabi oscillations.
For V res

0 (figure 2, right hand side), no Rabi oscillations can be observed even when the XUV
pulse is sufficiently long. This is due to the fast decay of the resonance state.
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Figure 3. Population of the excited state (black solid curve) and the ionization probability (red dashed curve) for the
system with two bound states driven by combination of the IR field and the long XUV pulse for various XUV intensities.

3.2. System with two bound states

First, we show the Rabi oscillations caused by the combination of the long XUV pulse (XUVl)
and the IR field. Figure 3 shows that at any of the considered XUV intensities, from 5 ×
1012 to 5× 1014 W/cm2, excited-state population oscillations are observed. The amplitude and
the frequency of the oscillations (black curve) increase with increasing intensity as well as the
ionization probability (red curve). The amplitude of the oscillations decays with time, even when
the XUV intensity is low, in contrast to the case where the system is driven by the XUV field
only, see figure 2(a). For high XUV intensity, the decay of the oscillations is due to the strong
ionization. For low XUV intensity, the decay is apparently due to the presence of the IR field.
The upper state is ionized easily by the IR field, so the presence of the IR field is effectively
causing a finite lifetime of the upper state.
Next, we consider the effect of the excited-state population on the HHG spectrum. Figure 4

shows the HHG spectra produced by the IR field alone (black curve), XUVl alone (dashed purple
curve) and in case of simultaneous irradiation of the IR and XUV fields, both for the XUVs pulse
(green curve) and the XUVl pulse (red curve). The IR field with intensity I = 5× 1013W/cm2

corresponds to the ponderomotive potential Up = E2
0/(4ω

2
0)=0.10 a.u., and the cutoff in the

HHG spectrum by the IR field only is expected at 3.17Up+ Ip=1.03 a.u. We find that compared
to the XUV-only case, adding the IR field helps to efficiently produce high-order harmonics in
the cutoff region. The emission enhancement is more than 2 orders of magnitude in the peaks
for the XUVl case. Compared to the IR-only case (black curve), HHG is increased by about 6-8
orders of magnitude when additionally driven by the XUV field, both for XUVl and XUVs. The
increase of the emission occurs due to population of the excited state by the XUV pulse and
thus due to the increased probability of ionization as the first step of the three-step model.
The inset of figure 4 is a magnified view of the spectra, showing the exact positions of the

peaks. While still being separated by 2ω0, the peaks are found to be shifted compared to the
usual odd orders (2n+1)ω0 of the IR laser frequency. For the short XUV pulse (green curve in
figure 4), relatively broad peaks are found at energies

ωshort
n = ∆+ 2nω0. (10)
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Figure 4. HHG spectra from the system with two bound states, produced by the IR field alone (black curve), by the XUVl

pulse alone (dashed purple curve), and by the combinations of the IR field with the short XUV (green curve) and long XUV
(red curve) pulses. The following field parameters are used. IR: ωIR = 0.06 a.u., IIR = 5 × 1013 W/cm2. XUVl: ωXUV =
0.51 a.u., 80 optical cycles, IXUV = 5× 1012 W/cm2. XUVs: ωXUV = 0.51 a.u., 3 optical cycles, IXUV = 5× 1012 W/cm2.
The insets show enlarged regions of the spectra.

The XUVs pulse initially creates a superposition of ground and excited states, so that IR-driven
HHG can start from the excited state and finish in the ground state, leading to peaks shifted
by ∆. When the long XUV pulse is used (red curve in figure 4), the dominating peaks are
situated at (cf. [12, 13])

ωlong
n = ωXUV + 2nω0 (11)

as a result of converting the energy of one XUV photon and 2n IR photons into the energy of the
emitted photon. The spectrum generated by XUVl only (figure 4, dashed curve) shows that the
long XUV pulse causes a Rabi splitting of the emission peak, analogous to the Autler-Townes
effect in absorption lines [19] and photoelectron spectra [20]. If the IR field is added, not only
the peak at ωXUV, but also all the higher energy peaks are split: in addition to the dominating

emission at ωlong
n , secondary peaks at ωlong

n − ΩR are observed. The reason is the periodicity of
the XUV-induced Rabi oscillations.

3.3. System with a shape resonance

In the case that the excited state is metastable, the question arises whether the enhancement
of HHG by simultaneous irradiation of XUV and IR fields persists. We consider HHG from the
potential V res

0 with a short decay time of 10 a.u. of the upper state. In this model, the upper
state is a shape resonance.
As in the previous section, we first show the excited-state population and ionization dynamics

for various XUV intensities of the long XUV pulse, see figure 5. The frequency of the oscillation
envelope equals twice the IR frequency. It does not depend on the intensity of the XUV field.
The oscillations are not Rabi oscillations, because the upper state decays quickly into an ion
and a free electron. Rather, the oscillations are caused by dressing of the electronic states by
the applied instantaneous field. The ionization is almost entirely caused by the XUV-induced
excitation followed by decay of the metastable state.
We calculate HHG emission with an XUV intensity of 1012 W/cm2. Figure 6 shows the result

of the numerical simulation. The black curve is the HHG spectrum from the IR field only. The
emission is in the form of odd orders of the IR frequency and it is strongest around the resonant
energy ∆ = 1.9 a.u. When the XUV field is added, we observe the following effect. If the XUV
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Figure 5. Population of the excited state (black solid curve) and the ionization probability (red dashed curve) for the system
with a shape resonance driven by combination of the IR field and the long XUV pulse for various XUV pulse intensities.
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parts of the spectra. The following field parameters are used. IR: ωIR = 0.06 a.u., IIR = 4× 1014 W/cm2. XUVl: ωXUV =
1.88 a.u., 295 optical cycles, IXUV = 1012 W/cm2. XUVs: ωXUV = 1.88 a.u., 11 optical cycles, IXUV = 1012 W/cm2.

pulse is short (XUVs case), only the resonant region emission is enhanced compared to the
IR-only case. We observe a broad peak at the energy ∆ = 1.9 a.u. Since the metastable state
decays with the lifetime 10 a.u. after it has been initially populated by the XUVs pulse, the
electron emission from the excited state is not periodic, and no harmonic structure is observed.
At frequencies above the resonance, the signal coincides with the IR-only HHG spectrum. If
the XUV pulse is long (XUVl), it causes continuous repopulation of the metastable state. The
intensity of the HHG emission exceeds the IR-only spectrum by about 2-3 orders of magnitude.
The peak positions are consistent with equation (11). There is, however, no Rabi splitting of the
peaks since the lifetime of the resonance is shorter than the Rabi period.
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4. Conclusions

In this paper, we have investigated the generation of high harmonics driven by an IR field assisted
by an XUV field. We have shown that in a quantum system with a bound or metastable excited
electronic state, adding a moderate near-resonant XUV pulse can lead to enormous enhancement
of the HHG emission due to XUV-induced population of the excited state, from which the IR
field can drive HHG more easily than from the ground state. The resulting radiation exceeds
both the HHG signal from IR-only and from XUV-only fields. The positions of the harmonic
peaks are shifted away from odd orders of the IR frequency. The details of the resulting HHG
spectrum depend on the lifetime of the excited state. If the XUV pulse is sufficiently long and
the excited-state lifetime is longer than the corresponding Rabi period, Rabi splitting of the
harmonic peaks is observed in the HHG spectrum.
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